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EQUIVARIANT STRATIFOLD HOMOLOGY THEORIES
JULIA WEBER
Abstract. We define equivariant homology theories using bordism of
stratifolds with a G-action, where G is a discrete group. Stratifolds
are a generalization of smooth manifolds which were introduced by
Kreck [Kre02]. He defines homology theories using bordism of suitable
stratifolds. We develop the equivariant generalization of these ideas.
1. Introduction and definitions
Let G be a discrete group. In this paper, we are going to define equivariant
homology theories using bordism of stratifolds with a G-action. Stratifolds
are defined inductively. An n-dimensional stratifold is obtained by gluing
an n-dimensional smooth manifold to an n− 1-dimensional stratifold via its
boundary. The manifolds are equipped with collars which yield a smooth
structure on the stratifolds.
Homology theories can be defined via bordism of certain classes of strat-
ifolds. In particular, one obtains singular homology as a bordism theory.
Stratifolds and the corresponding homology theories were developed by
Kreck [Kre02], where one can find details concerning the relevant construc-
tions.
We are concerned with the development of corresponding equivariant ho-
mology theories, a question raised by Kreck. We define the notion of G-
stratifolds, for discrete groups G, and prove that they have the technical
properties necessary to define a G-homology theory. We also treat an in-
duction structure, thereby obtaining an equivariant homology theory. We
give several examples of equivariant homology theories thus obtained. In
particular, we have a generalization of singular homology, an equivariant
theory with coefficients in the Burnside ring.
Definition 1.1. A stratifold S is called a G-stratifold if there is a smooth G-
action on S. This means there is a smooth map of stratifolds (the discrete
group G is a 0-dimensional smooth manifold, so G × S with the product
stratifold structure is a stratifold)
θ : G× S → S
(g, s) 7→ gs
such that
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(1) es=s
(2) (gh)s=g(hs).
S is called a proper G-stratifold if the action of G on S is proper, which
means that the map G× S → S × S, (g, s) 7→ (gs, s) is proper.
Remark: The map θg : S → S, s 7→ gs is in Aut(S) for all g ∈ G.
This means that gS˚ i = S˚ i for all g ∈ G, that collars are preserved, collars
of the strata as well as collars of S, and that the collar maps are equivariant
(with respect to the trivial G-action on the interval). Thus we can also define
the operation of G on each stratum seperately (and not only on its interior
S˚ i →֒ S) by continuing it onto the boundary. This leads to the observation
that we could also have defined a G-stratifold by saying: The strata Si
are G-manifolds with G-equivariant collars which are glued together with
G-equivariant maps.
Definition 1.2. Let X be a G-space. An n-dimensional singularG-stratifold
is a pair (S, f), where S is an n-dimensional cocompact G-stratifold (i.e.
G\S is compact) and f : S → X is a G-equivariant map.
As for usual homology theories defined via stratifolds, we can restrict
ourselves to stratifolds satisfying certain conditions, thereby obtaining many
different G-homology theories depending on the conditions imposed. We
call a class of stratifolds a bordism class if it has properties allowing an
equivalence relation “bordism” of its stratifolds and if the restrictions are
sufficient to ensure that this bordism theory is a homology theory.
Definition 1.3. A class C of stratifolds is called a bordism class if it satisfies
the following axioms:
Axiom 1: If S is a closed G-stratifold in C, S × I (where the smooth
manifold I = [0, 1] with boundary has trivial G-operation) is in C.
Axiom 2: If S and S′ are cocompact G-stratifolds in C, then S ∐ S′
is in C. If T ′ and T ′′ are cocompact G-stratifolds with boundary such that
∂T ′ = S ∪ S′ with S and S′ G-invariant and ∂T ′′ = S′ ∪ S′′ with S′ and S′′
G-invariant and such that S∩S′ = S′∩S′′ = ∂S = ∂S′ = ∂S′′ is an (n−2)-
dimensional stratifold then T ′∪S′ T
′′ ∈ C, and ∂(T ′∪S′ T
′′) = S∪∂S′ S
′′ ∈ C.
Axiom 3: If S is a cocompact n-dimensional G-stratifold in C, ρ : S → R
is a smooth G-invariant map and t ∈ R is a regular value of ρ, then ρ−1(t)
is in C, and ρ−1([t,∞)) and ρ−1((−∞, t]) are in C.
Remarks:
• Except for the fact that the boundary components in Axiom 2 have
to be G-invariant and that ρ : S → R in Axiom 3 is G-invariant, the
G-operation does not play a role in the formulation of these axioms,
they are completely analogous to the ones used for usual homology
theories.
• It is shown in [Kre02] that in the situation of Axiom 3 the pre-image
of a regular value, ρ−1(t), is an (n − 1)-dimensional stratifold, so
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to check Axiom 3 it is only necessary to verify that this fulfills the
restrictions again.
• It is useful to observe that these axioms are usually fulfilled for
conditions given “locally”, that is in terms of a neighborhood of
x for all x ∈ S. In particular, regular (G-)stratifolds are defined
by the fact that each x ∈ S has a neighborhood VUx
∼= Bi × F . A
G-invariant neighborhood is then given by
GVUx
∼= G(Bi × F ) = (GBi)× F = (∪g∈G/GxgB
i)× F,
since we have equivariant collars. (Remember that F ∼= r−1i ({x}),
where ri is the projection along the collars.) If we only impose
conditions on F , this gives a class of stratifolds satisfying all the
axioms. (An example for this are Euler stratifolds. In their definition
we require F to fulfill the condition χ(F\F (0)) ≡ 0 mod 2.)
• Another case where the axioms are automatically satisfied is if we
impose conditions on the emptyness/non-emptyness of strata of cer-
tain codimensions - the most prominent example is the special case
“codimension 1-stratum empty” which leads to singular homology
with Z/2-coefficients [Kre02].
• If we want to impose orientability conditions (as for example the ex-
tra condition “top-dimensional stratum oriented” leading to singular
homology with Z-coefficients instead of Z/2-coefficients), we have to
require all G-operations to be orientation preserving.
Definition 1.4. Two n-dimensional cocompact singular G-stratifolds (S, f)
and (S′, f ′) in C are called bordant (in C) ⇔ there is an (n+1)-dimensional
cocompact G-stratifold T in C with boundary and an equivariant map F :
T → X such that ∂T = S ∐ S′, F |∂T = f ∐ f
′.
Proposition 1.5. The relation “bordant” (in C) defined above is an equiv-
alence relation.
Proof. Reflexivity: Clear. (Take T := S × [0, 1], with trivial G-operation on
[0, 1].)
Symmetry: Clear.
Transitivity: If (S, f) ∼(T,F ) (S
′, f ′) and (S′, f ′) ∼(T ′,F ′) (S
′′, f ′′), then we
can glue together T and T ′ along their common boundary component S′ to
obtain a bordism between (S, f) and (S′′, f ′′) given by (T ∪S′ T
′, F ∪f ′ F
′).
(Remember that we have an equivariant collar.) 
Remark: Under disjoint union the equivalence classes [S, f ] with respect to
the equivalence relation “bordant” (in C) of n-dimensional cocompact sin-
gular G-stratifolds (S, f) (in C) form a group; the zero element is [∅], each
element is its own inverse. Thus we get a Z/2-vector space. (The question
whether this is a set has to be resolved analogously to usual stratifold bor-
dism [Kre02].)
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We want to show that these bordism groups form a G-homology theory.
We first need some technical statements:
Lemma 1.6. Let M be a proper G-manifold. Then for every G-invariant
open covering {Vα}α∈A there is a subordinate smooth G-invariant partition
of unity. More precisely, there is a collection of smooth G-invariant maps
{λβ :M → (−ε, 1 + ε)} such that
(1) There is a locally finite open refinement {Uβ}β∈B of {Vα}α∈A such
that supp(λβ) ⊆ Uβ for all β ∈ B.
(2)
∑
β∈B λβ(x) = 1 for all x ∈M .
Proof. G acts properly on M , so G\M is a paracompact Hausdorff space.
Also we know: For every x ∈M there is a smooth slice Sx in x [Pal61]. For
every x ∈ M choose an open G-invariant neighborhood Wx ⊆ G ×Gx Sx.
Let π : M → G\M be the projection. Since G\M is paracompact, there is a
locally finite common refinement {U ′β}β∈B of {π(Wx)}x∈M and {π(Vα)}α∈A
and a partition of unity {λ′β} subordinate to {U
′
β}β∈B . Set Uβ := π
−1(U ′β)
for all β ∈ B. This is a locally finite common refinement of {Wx}x∈M and
{Vα}α∈A. Define λ
′′
β on all of M by setting λ
′′
β(x) := λ
′
β(Gx) for all x ∈M .
This is a G-invariant partition of unity on M subordinate to {Uβ}β∈B . Now
change every λ′′β into a smooth map: We know that supp(λ
′′
β) ⊆ Uβ ⊆Wx ⊆
G×GxSx for an x ∈M . Because of the G-invariance λ
′′
β is completely defined
by its values on Sx. Now we approximate λ
′′
β|Sx : Sx → [0, 1] by a smooth
map λ˜′′β : Sx → (−ε, 1 + ε). We make this map G-invariant by setting
λ˜β(s) :=
1
|Gx|
∑
g∈Gx
λ˜′′β(gs).
This is well defined because Gx is finite since G acts properly on M . So
now we have a smooth Gx-invariant map λ˜β : Sx → (−ε, 1 + ε). We define
λ˜′′β([g, s]) := λ˜
′′
β(s) for all [g, s] ∈ G ×Gx Sx and continue this map (which
has supp(λ˜′′β) ⊆ Uβ ⊆ Wx) by 0 to all of M . This is a well defined G-
invariant map λ˜β : M → (−ε, 1 + ε). We do this for all β ∈ B and set
λβ(x) :=
λ˜β(x)∑
β∈B λ˜β(x)
.(The sum in the denominator is finite since the partition
of unity {Uβ}β∈B was locally finite.)
Then we have
∑
β∈B λβ(x) = 1 for all x ∈ M , and {λβ} is the desired
smooth G-invariant partition of unity. 
Lemma 1.7. Let S be a proper cocompact G-stratifold. Then every G-
invariant open covering {Vα}α∈A has a subordinate smooth G-invariant par-
tition of unity.
Proof. By Lemma 1.6 every stratum Si of S has a smooth G-invariant par-
tition of unity subordinate to {Vα ∩ Si}α∈A. With the G-equivariant collars
one inductively combines these to finally obtain a partition of unity on S.
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The partition of unity on {Vα ∩ S
(0)}α∈A is obvious. So now suppose a
smooth G-invariant partition of unity {(λS(n−1))α} on S
(n−1) subordinate to
{Vα∩S
(n−1)}α∈A and a smooth G-invariant partition of unity {(λSn)α} on Sn
subordinate to {Vα∩Sn}α∈A are given. Choose a collar ϕ : ∂Sn× [0, ε)→ Sn
which is a representative of the given equivalence class, with ε small enough
such that Vα ∩ S
(n−1) 6= ∅ ⇒ ϕ(fˆ−1n (supp((λS(n−1))α)) × [0, ε)) ⊆ Vα ∩ Sn.
(One can obtain the ε by going over to a finite subcovering of the Vα at
the beginning of the induction process, which is possible since S is cocom-
pact and the Vα are G-invariant. Then one can take the minimum of the
appearing ε’s.)
Take a smooth map f : [0, ε) → [0, 1] such that f([0, 13ε]) = 0 and
f([23ε, ε)) = 1, define f
′ := fpr2ϕ
−1 : ϕ(∂Sn × [0, ε))→ [0, 1], ϕ(x, t) 7→ f(t)
and continue f ′ by 1 to all of Sn. Set
λα1(x) :=
{
f ′(x) · (λSn)α(x) if x ∈ S˚n
0 else
λα2(x) :=


(λS(n−1))α(x) if x ∈ S
(n−1)
κα(x) if x ∈ S˚n and Vα ∩ S
(n−1) 6= ∅
0 else,
where
κα(x) =
{
(1− f ′)(x) · (λS(n−1))α(fˆnpr1ϕ
−1(x)) if x ∈ ϕ(fˆ−1n (Vα ∩ S
(n−1))× (0, ε))
0 else,
and define λα(x) := λα1(x) + λα2(x).
The map λα is a smooth map from the stratifold S to R, since all appear-
ing maps are smooth by construction and λα fulfills λα(ϕ(x, t)) = λα(x) for
all x ∈ ∂Sn and t ∈ [0,
1
3ε].
The support of λα is contained in Vα. We have
∑
α∈A λα = 1, because
for x ∈ S(n−1) we calculate
∑
α∈A λα(x) =
∑
α∈A(λS(n−1))α(x) = 1 and for
x ∈ S˚n we calculate∑
α∈A
λα(x)
=
∑
α∈A
(λα1(x) + λα2(x))
=
∑
α∈A
f ′(x) · (λSn)α(x) +
∑
α∈A
(1− f ′)(x) · (λS(n−1))α(fˆnpr1ϕ
−1(x))
= f ′(x) ·
∑
α∈A
(λSn)α(x) + (1− f
′)(x) ·
∑
α∈A
(λS(n−1))α(fˆnpr1ϕ
−1(x))
= f ′(x) · 1 + (1− f ′)(x) · 1
= 1.
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The map λα is G-invariant since all appearing maps are G-invariant. So
{λα} is the desired smooth G-invariant partition of unity on S subordinate
to {Vα}α∈A. 
Note: If we use another definition of collars (with a δ-function), cocom-
pactness is not necessary any more.
Lemma 1.8. Let M be a proper smooth G-manifold respectively S a proper
G-stratifold. Let A, B be disjoint closed G-invariant subsets of M respec-
tively S. Then there is a smooth G-invariant map ρ : M → R respectively
ρ : S → R which extends ρ|A ≡ 0, ρ|B ≡ 1.
Proof. We write out the proof for the case of a manifold M - it is identical
for a stratifold S, only the existence of a smooth G-invariant partition of
unity is used.
The space G\M is a paracompact Hausdorff space, so we can find a con-
tinuous map ρ′ : G\M → R extending ρ|A∪B . So we also have a continuous
G-invariant extension ρ′′ : M → R of ρ|A∪B by setting ρ
′′(x) := ρ′(Gx) for
all x ∈ M . With the smooth G-invariant partition of unity on M , we con-
struct a smooth G-invariant approximation of ρ′′ : M → R also extending
ρ|A∪B. (The proof is analogous to [Bre93, proof of Th. II.11.7].) For x ∈M
let Vx be a G-invariant neighborhood of x in M and hx : Vx → R such that
(1) x ∈ A⇒ Vx ∩B = ∅ and hx ≡ 0, x ∈ B ⇒ Vx ∩A = ∅ and hx ≡ 1.
(2) x 6∈ A∪B ⇒ Vx∩(A∪B) = ∅ and y ∈ Vx ⇒ hx(y) = ρ
′′(x) (constant
in y).
The map hx is G-invariant by construction. (We have hg1x(g2y) = ρ
′′(g1x) =
ρ′′(x) for all g1, g2 ∈ G.)
Let {Uα} be a locally finite G-invariant refinement of {Vx} with index
assignment α 7→ x(α) and let {λα} be a smooth G-invariant partition of
unity on M with supp(λα) ⊆ Uα. (λα = 0 on A∪B except if x(α) ∈ A∪B.)
Let ρ(y) :=
∑
λα(y)hx(α)(y) for y ∈M . Then ρ is smooth on M because
the λα and hx(α) are smooth. ρ is G-invariant since the λα and hx(α) are
G-invariant. If y ∈ A, then ρ(y) =
∑
λα(y)hx(α)(y) =
∑
λα(y) ·0 = 0 and if
y ∈ B, then ρ(y) =
∑
λα(y)hx(α)(y) =
∑
λα(y) · 1 = 1. So ρ is the desired
smooth G-invariant extension of ρ|A ≡ 0, ρ|B ≡ 1. 
Now we are ready to show that our bordism groups form a G-homology
theory.
Proposition 1.9. Let C be a bordism class of proper G-stratifolds. The
assignment
HGC,n : G− Top → Ab
X 7→ { [S, f ] | S n-dim. cocomp. proper G-stratifold in C,
f : S → X G-equivariant}
(g : X → Y ) 7→ (g∗ : [S, f ] 7→ [S, gf
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for all n ∈ N (HGC,n := 0 for n < 0) together with the boundary operator d
defined in the proof is a G-homology theory.
Proof. The procedure is analogous to the case without G-operation.
i) HGn (∅) = 0 since there is no map of a non-empty stratifold into ∅.
ii) functoriality: clear by definition
iii) G-homotopy invariance:
Let F : X × I → Y be a G-homotopy of g1 : X → Y and g2 : X → Y .
Let [V, f ] ∈ HGn (X). Then V × I (with the trivial G-operation on I) is an
(n+1)-dimensional cocompact proper G-stratifold in C with boundary. We
have
g1∗([V, f ])+g2∗([V, f ]) = [V, g1f ]+[V, g2f ] = [∂(V ×I), F (f×id)|∂(V ×I)] = 0,
so g1∗([V, f ]) = −g2∗([V, f ]) = g2∗([V, f ]).
iv) Mayer-Vietoris-sequence:
For X = X1 ∪X2, where X1 and X2 are G-invariant open subsets of X, a
boundary operator d : HGn (X1 ∪ X2) → H
G
n−1(X1 ∩ X2) is needed (for all
n ∈ N). We construct it as follows: If [S, f ] ∈ HGn (X1 ∪ X2), then both
f−1(X1 \X2) and f
−1(X2 \X1) are disjoint closed G-invariant subspaces of
S. We define a G-invariant map
ρ˜ : f−1(X1 \X2) ∐ f
−1(X2 \X1)→ R
by setting
ρ˜(f−1(X1 \X2)) = 0, ρ˜(f
−1(X2 \X1)) = 1.
By Lemma 1.8 we can find a differentiable G-invariant map ρ : S → R
extending ρ˜. We choose a regular value t ∈ (0, 1) of ρ. We define Z := ρ−1(t).
This is an (n − 1)-dimensional stratifold and a G-invariant subspace of S
(since ρ is G-invariant), thus a G-stratifold with proper G-action (since the
action of G on S is proper). It is in C by axiom 3. Since t /∈ {0, 1},
we have Z 6⊆ f−1(X1 \ X2 ∪ X2 \ X1), and so f(Z) ⊆ X1 ∩ X2. We set
d([S, f ]) := [Z, f |Z ] ∈ H
G
n−1(X1 ∩X2).
The map d is well defined: Another choice t′ ∈ (0, 1) of of the regular value
would lead to a singular stratifold (Z ′ := ρ−1(t′), f |Z′) which is bordant to
(Z, f |Z) by (ρ
−1([t, t′]), f |ρ−1([t,t′])) if t
′ > t and by (ρ−1([t′, t]), f |ρ−1([t′,t]))
if t′ < t. Another choice (S′, f ′) of the representative of [S, f ] would be
bordant to (S, f) by a pair (T, F ), and we could define ρ on all of T as
above, which would lead to a bordism between (ρ−1(t) ∩ S, f |ρ−1(t)∩S) and
(ρ−1(t)∩S′, f |ρ−1(t)∩S′) given by (ρ
−1(t), F |ρ−1(t)) (where t is a regular value
of F , f and f ′).
The construction is independent of the choice of ρ, which is shown anal-
ogously to the non-equivariant case [Kre02], which in turn is shown analo-
gously to the case of usual bordism of manifolds [tD91]. We have to show
that if there are two G-invariant maps ρ : S → R and ρ′ : S → R both
sending f−1(X1 \ X2) to 0 and f
−1(X2 \ X1) to 1, then there is a regular
value t of ρ and ρ′ such that [ρ−1(t), f |ρ−1(t)] = [ρ
′−1(t), f |ρ′−1(t)]. We take
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a smooth map h : [0, 1]→ [0, 1] such that h([0, 13 ]) = 0 and h([
2
3 , 1]) = 1 and
define φ : S×I → R, (s, x) 7→ 12(ρ(s)·(1−h)(x)+ρ
′(x)·h(x)). We know that
S×I is an (n+1)-dimensional G-stratifold with boundary S×{0}∐S×{1},
that φ is a G-invariant map, and that φ|S×{0}∐S×{1} = ρ∐ ρ
′. We choose a
regular value t of φ, ρ and ρ′, then (φ−1(t), fprS|φ−1(t)) is a bordism between
(ρ−1(t), f |ρ−1(t)) and (ρ
′−1(t), f |ρ′−1(t)).
The exactness of the Mayer-Vietoris-sequence is also proven analogously
to the non-equivariant case [Kre02], respectively analogously to usual bor-
dism of manifolds [tD91, Satz VIII.13.8]. We will not write out the details
here, since there are no additional technical difficulties involved. 
We can also place restrictions on the nature of the G-operations allowed
on the stratifolds. We are especially concerned with “free proper G-actions”
or “all proper G-actions”, but one could imagine many other restrictions
such as “fixed point free” or, more generally, “with isotropy in F”, where
F is a set of subgroups of G closed under conjugation or subconjugation.
These other restrictions might also lead to interesting homology theories.
2. Homology theories defined by stratifolds with free proper
G-Operations
If we restrict ourselves to free proper G-operations on a certain class C of
stratifolds, we obtain an explicit description of the usual C-stratifold homol-
ogy theory of the Borel construction EG×GX. We show that H
G,free
C,∗ (X)
∼=
HC,∗(EG×GX), where HC stands for the homology theory in question. Our
standard examples are Eh, Euler homology, and H(−;Z/2) or H(−;Z), sin-
gular homology with Z/2- or Z-coefficients. The construction is analogous
to the one for bordism of smooth manifolds with free G-action [CF64, page
50 ff]. We define
HG,freeC,n (X) = { [S, f ] | S n-dim. cocomp. G-str. in C with free proper
G-action, f : S → X G-equiv.}.
We want to give a natural transformation
HG,freeC,∗ (−)→HC,∗(EG ×G −)
and check that it is an equivalence of homology theories.
Let X ∈ G − Top be a G-space and [S, f ] ∈ HG,freeC,n (X). Since S is a
free G-stratifold, there is up to G-homotopy a unique G-equivariant map
h : S → EG. (Here we consider EG as a left G-space, where the left action
of G on EG is given by G × EG → EG, (g, e) 7→ eg−1. Then EG ×G X =
G\EG ×X.) Thus we have a map (h, f) : S → EG ×X. Taking G-orbits
gives a map (h, f) : G\S → EG ×G X. (We have (h, f)(s) = (h(s), f(s))
and (h, f)(gs) = (h(s)g−1, gf(s)), and these are exactly the elements that
are identified in the passage from EG×X to EG×G X.)
We have to check that G\S (with trivial G-action) is again in C.
EQUIVARIANT STRATIFOLD HOMOLOGY THEORIES 9
Lemma 2.1. If S is a G-stratifold with free proper G-action, then the or-
bit space G\S again has a stratifold structure given by (G\S)i = G\Si,
(fG\S)i = f¯i.
Proof. Since gSi = Si for all g ∈ G, every Si is a free proper G-manifold,
and thus G\Si is again a manifold. We have ∂(G\Si) = G\∂Si. Collars
are also preserved. Since fi : ∂Si → S
(i−1) is G-equivariant, it induces a
map f¯i : G\∂Si → G\S
(i−1) on the orbit spaces. (f¯i is proper since fi is
proper.) 
Lemma 2.2. If S is in a class C of stratifolds defined “locally” or by emp-
tyness conditions on the strata, G\S is in the same class.
Proof. We proceed case by case.
• C “locally” defined: A G-invariant neighborhood of x ∈ S is given
by GVUx
∼= G(Bi×F ) = GBi×F , and this is a neighborhood of Gx
in S, thus G\GVUx
∼= G\(GBi × F ) ∼= Bi × F is a neighborhood of
Gx in G\S. F remains unchanged.
• C defined by emptyness conditions on strata: (G\S)i = G\Si = ∅ ⇔
Si = ∅, so properties remain unchanged.
• C with orientability condition: If Sn is orientable and G operates
orientation preserving, then G\Sn is orientable.

We know that G\S is compact since S is cocompact. Thus we have an
assignment
HG,freeC,n (X)→ HC,n(EG×G X), [S, f ] 7→ [G\S, (h, f)].
Proposition 2.3. The assignment
HG,freeC,n (X) → HC,n(EG×G X)
[S, f ] 7→ [G\S, (h, f)].
induces a natural equivalence of G-homology theories on the category G −
Top.
Proof. We proceed in several steps.
• The assignment is well defined: if we choose another representative
(S′, f ′) ∈ [S, f ], then there is a free proper G-stratifold T , ∂T =
S ∐S′, F : T → X, F |∂T = f ∐ f
′. So (G\T, (h, F )) gives a bordism
between (G\S, (h, f)) and (G\S′, (h, f ′)).
• This assignment is evidently a group homomorphism.
• It is functorial in X: Let g : X → Y be a G-equivariant map. Then
HG,freeC,n (X)
//
g∗

HC,n(EG ×G X)
(id×g)∗

HG,freeC,n (Y )
// HC,n(EG×G Y )
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commutes since (id × g)∗(h, f) = (h, gf) : S → EG×G Y .
• It is compatible with the boundary operator since we chose ρ G-
invariant. (We see that a choice of ρ for HG,freeC,n (X) induces a choice
of ρ for HC,n(EG×GX) and vice versa, since we otherwise made the
same construction as for usual stratifold homology theories. Note
that for G-invariant X1,X2 we have EG ×G (X1 ∪ X2) = EG ×G
X1 ∪ EG×G X2.)
• It is an isomorphism for each X ∈ G−Top, since we can construct an
inverseHC,n(EG×GX)→H
G,free
C,n (X): Let [W, j] ∈ HC,n(EG×GX).
We have the following commutative diagram:
S := (pr1j)
∗EG
h
//
pi

EG
ν

W
j
// EG×G X
pr1
// BG
S is a G-principal bundle over W . S is a stratifold: Consider the
diagram
Si := (pr1j inci)
∗EG
pii

(( ++WWW
WWWW
WWWW
WWWW
WWWW
WWWW
W
S
h
//
pi

EG
ν

Wi
inci
((Q
QQ
QQ
QQ
QQ
QQ
QQ
QQ
W
pr1j
// BG
This defines strata Si and unique G-equivariant inclusion maps into
S via the pullback property. Si is an i-dimensional smooth manifold
since πi : Si → Wi is a local homeomorphism. For the same reason
collars are preserved. Si is a covering space of Wi with fiber G
(discrete). The free action of G on the fiber induces a free action
of G on Si. S is a covering space of W with fibre G, so G\S ∼= W
is compact and we have a free action of G on S. Since S → W is
a local homeomorphism, S ∈ C ⇔ W ∈ C for stratifold classes C
defined locally or by emptyness conditions.
It is known that
EG×X

// EG

EG×G X // BG
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is a pullback diagram ([Bre72, II.2.5]). Thus there is a unique G-
equivariant map f˜ making the following diagram commutative:
S
pi

f˜ %%
h
++WWW
WWWW
WWWW
WWWW
WWWW
WWWW
WWWW
W
EG×X

// EG

W
j
%%J
JJ
JJ
JJ
JJ
J
EG×G X
pr1
// BG
If we take this map f˜ and compose it with the projection prX to X,
we obtain a map f := prX f˜ : S → X. Thus we have constructed a
pair (S, f) such that [S, f ] ∈ HG,freeC,n (X) and which maps to [W, j]
under the above correspondence: G\S =W , (h, f) = f˜ = j.

Remark: If we want to extend this method to other restrictions on the
G-actions by replacing EG by an appropriate E(G,F), we have to think
about whether G\S is still a stratifold and still in C. We might make it into
a stratifold by giving it a more complicated stratifold structure, but then it
is in general not in C any more.
3. The induction structure
From now on, we restrict ourselves to G-CW-complexes X: In the sequel,
we mean functors from G-CW-complexes to Ab when we speak about G-
homology theories.
Let C be a bordism class such that
• If S ∈ C and K acts freely and properly on S (K-cocompact), then
K\S is in C.
• If S ∈ C, then any connected component of S is in C again.
• If S ∈ C, then a discrete union of copies of S is in C.
The fact that K\S is again a stratifold was proven in Lemma 2.1. The above
properties are fulfilled for the usual restrictions: The first point was proven
in Lemma 2.2, the other points are shown completely analogous.
We now show that we have an induction structure on our G-homology
theories (as defined for example in [Lu¨c02, page 198f]). This induction
structure links the various homology theories for different groups G.
Proposition 3.1. We have an induction strucure on the G-homology theo-
ries
HGC,∗ : G-CW-complexes → Ab
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defined as above by
HGC,n(X) = {[S, f ] |S n-dim. cocomp. pr. G-str. in C, f : S → X G-equiv.}.
Given a group homomorphism α : H → G and an H-CW-complex X such
that ker(α) acts freely on X, we define maps
indα : H
H
C,n(X) → H
G
C,n(indα(X))
[S, f ] 7→ [indα(S), indα(f)].
Here indα(X) = G×α X, indα(S) = G×α S and indα(f) = idG ×α f .
These maps indα are isomorphisms for all n ∈ Z and satisfy
a) compatibility with boundary homomorphisms
dGn indα = indα d
H
n .
b) functoriality
Let β : G → K be another group homomorphism such that ker(βα) acts
freely on X. Then we have
indβα = H
K
n (f1)indβindα : H
H
n (X)→ H
K
n (indβα(X)),
where f1 : indβindα(X)
∼=
−→ indβα(X), [k, g, x] 7→ [kβ(g), x] is the natural
K-homeomorphism.
c) compatibility with conjugation
For g ∈ G and a G-CW-complex X the homomorphism
indc(g):G→G : H
G
n (X)→H
G
n (indc(g):G→G(X))
agrees with HGn (f2) for the G-homeomorphism f2 : X → indc(g):G→G(X)
which sends x to [1, g−1x] in G×c(g) X.
Proof. It is clear that we only have to treat the case n ≥ 0 since for n < 0
all appearing homology groups are 0. We first need to show that indα is
well defined:
Let S be an n-dimensional proper cocompact H-stratifold in C. Then
indα(S) = G ×α S = (∪g¯∈G/α(H)g¯α(H)) ×α S = ∪g¯∈G/α(H)g¯(α(H) ×α S),
and α(H)×αS ∼= ker(α)\S. Note that ker(α) acts freely on S since f is H-
equivariant and ker(α) acts freely on X. It acts properly on S since H acts
properly on S. So ker(α)\S is in C again. It is an n-dimensional stratifold
since ker(α) is a discrete group. A discrete union of copies of this is in C
again. Thus indα(S) is in C again. The n-dimensional stratifold indα(S) is
endowed with the obvious G-action by left multiplication in the first variable.
It is a cocompact G-stratifold, since G\indα(S) = G\G ×α S ∼= H\S is
compact.
It is a proper G-stratifold: We know that a discrete group G acts properly
on a Hausdorff space X if and only if for each pair of points (a, b) in X there
exist neighborhoods Va of a and Vb of b such that the set {g ∈ G | gVa∩Vb 6=
∅} is finite [tD87, Cor. I.3.22]. Thus we need to show that for all [g, x] and
[g′, x′] in G ×α S = indα(S) there are open neighborhoods Wx of [g, x] and
Wx′ of [g
′, x′] such that the set {g˜ | g˜Wx ∩Wx′ 6= ∅} is finite. We use that S
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is a proper Hausdorff H-space with H discrete, thus for all x, x′ ∈ S there
are Vx, Vx′ open such that {h ∈ H | hVx ∩ Vx′ 6= ∅} =: H˜ is finite. We set
Wx := g × Vx and Wx′ := g′ × Vx′ and claim that {g˜ | g˜Wx ∩Wx′ 6= ∅} =
g′α(H˜)g−1, thus finite. This would show that indα(S) is a proper G-space.
Proof of the claim:
We have g˜Wx∩Wx′ 6= ∅ if and only if there are [λ1, a1] ∈Wx and [λ2, as] ∈
Wx′ such that [g˜λ1, a1] = [λ2, a2]. Since [λ1, a1] ∈ Wx, there is h
′
1 ∈ H such
that λ1α(h
′−1
1 ) = g and h
′
1a1 ∈ Vx. Since [λ2, a2] ∈ Wx′ , there is h
′
2 ∈ H
such that λ2α(h
′−1
2 ) = g
′ and h′2a2 ∈ Vx′ . Because of [g˜λ1, a1] = [λ2, a2]
there are h1, h2 ∈ H such that g˜λ1α(h1) = λ2α(h2) and h
−1
1 a1 = h
−1
2 a2.
Thus we obtain the equation g˜gα(h′1)α(h1) = g
′α(h′2)α(h2) which implies
g˜ = g′α(h′2h2h
−1
1 h
′−1
1 )g
−1, and h2h
−1
1 a1 = a2 which in turn implies that
h′2h2h
−1
1 h
′−1
1 (h
′
1a1) = (h
′
2a2). So h
′
2h2h
−1
1 h
′−1
1 =: h ∈ H˜, and we know that
g˜ = g′α(h)g−1 ∈ g′α(H˜)g−1.
Conversely, if g˜ ∈ g′α(H˜)g−1, then g˜ = g′α(h)g−1 for an h ∈ H˜, and
there are a1 ∈ Vx and a2 ∈ Vx′ such that ha1 = a2. We compute g˜[g, a1] =
[g′α(h)g−1g, a1] = [g
′, ha1] = [g
′, a2], thus g˜Wx ∩Wx′ 6= ∅.
So indα(S) is an n-dimensional proper cocompact G-stratifold in C and
indα(f) : indα(S) → indα(X) is a G-equivariant continuous map by defini-
tion, thus the map indα is well defined.
Step 1: The induction map indα : H
H
C,n(X) → H
G
C,n(G ×α X) is an
isomorphism.
We want to define an inverse map ψ : HGC,n(G ×α X) → H
H
C,n(X). Let
[S′, f ′] ∈ HGC,n(G ×α X), so S
′ is an n-dimensional cocompact proper G-
stratifold and f ′ : S′ → G×αX is a G-equivariant map. We have α(H) ≤ G,
and so α(H) ×α X ⊆ G ×α X, which is an open and closed subspace since
G is discrete.
The operation of G on G×αX induces an operation of H
α
→֒ G on G×αX
by h.[g, x] := [α(h)g, x]. The subspace α(H) ×α X is invariant under this
operation.
Define W := f ′−1(α(H) ×α X) ⊆ S
′. The map f ′ is continuous, so W is
open and closed in S′. Thus W is an n-dimensional stratifold in C again.
H operates on W by H × W → W, (h,w) 7→ α(h)w since f ′ is G-
equivariant. This is a restriction of a proper G-action, thus proper. Note
that G ×α W ∼= S
′ since f ′ is G-equivariant. Thus W is a cocompact H-
space, since H\W ∼= G\G ×α W ∼= G\S
′, and G\S′ is compact since S′ is
a cocompact G-space. The restriction of f ′ to W is an H-equivariant map
f ′|W : W → α(H)×α X ∼= ker(α)\X.
Since ker(α) operates freely on X, we can lift this: X → ker(α)\X is a
ker(α)-principal bundle, and we define W˜ := (f ′|W )
∗(X) as the pullback of
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this bundle along f ′|W :
W˜ := (f ′|W )
∗(X)
f˜
//

X

W
f ′|W
// ker(α)\X
Concretely, W˜ = {(w, x) ∈ W × X | f ′(w) = [1, x] ∈ α(H) ×α X}. The
operation of H on W˜ is induced by the action on W and X: We have
h.(w, x) := (α(h)w, hx). Thus f˜ is H-equivariant by definition. W˜ is a
cocompact H-space: H\W˜ = {(Hw,Hf ′(w)) ⊆ H\W × H\X} ∼= H\W ,
and this is compact.
H operates properly on W˜ : W˜ is a Hausdorff space, so H operates prop-
erly if and only if for every (w, x) and (w′, x′) in W˜ there are open neighbor-
hoods V(w,x) and V(w′,x′) such that the set {h ∈ H | hV(w,x)∩V(w′,x′) 6= ∅} =:
H˜W˜ is finite. We know that H operates properly on W , so we know that for
w and w′ in W there are open neighborhoods Vw and Vw′ such that the set
{h ∈ H | hVw ∩ Vw′ 6= ∅} =: H˜W is finite. We set V(w,x) := (Vw ×X) ∩ W˜
and V(w′,x′) = (Vw′ ×X) ∩ W˜ . Then H˜W˜ is contained in H˜W , thus finite.
The space W˜ is a ker(α)-principal bundle over W , thus a stratifold again:
The strata are given by the pullbacks of the strata of W , which map to W˜
by the universal property of W˜ :
W˜i := (f
′|W inci)
∗(X)

((P
P
P
P
P
P
P
++VV
VVV
VVV
VVV
VVV
VVV
VVV
VVV
W˜
f˜
//

X

Wi
inci
((Q
QQ
QQ
QQ
QQ
QQ
QQ
QQ
Q
W
f ′|W
// ker(α)\X
TheWi are c-manifolds, thus the W˜i are c-manifolds, too, since the projec-
tion map is a local homeomorphism. The stratifold W˜ is locally isomorphic
to W . Thus the collars and all usual (local) restrictions are preserved, and
W˜ ∈ C again. We define the map
ψ : HGC,n(G×α X) → H
H
C,n(X)
[S′, f ′] 7→ [W˜ , f˜ ].
We now show that ψ is inverse to indα.
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1. The composition
indαψ : H
G
C,n(G×α X) → H
G
C,n(G×α X)
[S′, f ′] 7→ [W˜ , f˜ ] 7→ [G×α W˜ , idG ×α f˜ ]
is equal to the identity on HGC,n(G×α X): We show that
G×α W˜ idG·prW
≃
//
idG×f˜ &&L
LL
LL
LL
LL
L
S′
f ′
{{ww
ww
ww
ww
w
G×α X
commutes, where all appearing maps are G-equivariant and the horizontal
map idG · prW is an isomorphism of G-stratifolds.
The map f ′ is G-equivariant by definition. The map idG × f˜ is G-
equivariant: (idG × f˜)(g˜[g, (w, x)]) = [g˜g, f˜((w, x))] = g˜[g, x] = g˜(idG ×
f˜([g, (w, x)])). The map idG ·prW is G-equivariant: (idG ·prW )(g˜[g, (w, x)]) =
g˜g.w = g˜(idG · prW )([g, (w, x)]).
We define an inverse ϕ : S′ → G ×α W˜ to idG · prW : If s
′ ∈ S′, then
f ′(s′) = [g, x] ∈ G ×α X, and we set ϕ(s
′) := [g, (g−1s′, x)] ∈ G ×α W˜ .
(Remember that W˜ = {(w, x) | f ′(w) = [1, x] ∈ α(H) ×α X} ⊆W ×X and
W = f ′−1(α(H) ×α X) ⊆ S
′.) This map ϕ is well defined: We know that
g−1s′ ∈W since f ′(g−1s′) = g−1f ′(s′) = g−1[g, x] = [1, x] ∈ α(H)×α X.
If we had chosen a different representative [gα(h−1), hx] = f ′(s′) ∈ G×α
X, this would lead to the same element: [gα(h−1), ((gα(h−1))−1s′, hx)] =
[gα(h−1), (α(h)g−1s′, hx)] = [gα(h−1), h.(g−1s′, x)] = ϕ(s′).
The map ϕ is G-equivariant: What is ϕ(g˜s′)? We know that f˜(g˜s′) =
g˜f˜(s′) = g˜[g, x] = [g˜g, x]. Thus we have ϕ(g˜s′) = [g˜g, ((g˜g)−1(g˜s′), x)] =
[g˜g, (g−1 g˜−1g˜s′, x)] = g˜[g, (g−1s′, x)] = g˜ϕ(s′).
The map ϕ is indeed an inverse to (idG · prW ): We calculate
(idG · prW )ϕ(s
′) = (idG · prW )[g, (g
−1s′, x)] = gg−1s′ = s′.
Conversely, we calculate ϕ(idG ·prW )[g, (w, x)] = ϕ(gw). We know f
′(gw) =
gf ′(w) = g[1, x] = [g, x], so by definition ϕ(gw) = [g, (g−1(gw), x)] =
[g, (w, x)]. Both (idG · prW ) and ϕ preserve the stratifold structure, thus
this is an isomorphism of G-stratifolds.
The diagram commutes: If f ′(s′) = [g, x], then (idG × f˜)ϕ(s
′) = (idG ×
f˜)[g, (g−1s′, x)] = [g, x].
2. The composition
ψ indα : H
H
C,n(X) → H
H
C,n(X),
[S, f ] 7→ [indα(S)︸ ︷︷ ︸
S′
, indα(f)︸ ︷︷ ︸
f ′
] 7→ [W˜ , f˜ ]
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is equal to the identity on HHC,n(X) since
S
s 7→([1,s],f(s))
≃
//
f

??
??
??
??
W˜
f˜~~}}
}}
}}
}
X
commutes, all appearing maps are H-equivariant, and the horizontal map
is an isomorphism of H-stratifolds. (Remember that W˜ = {(w, x) ∈ W ×
X|f ′(w) = [1, x] ∈ G×αX} andW = f
′−1(α(H)×αX) = α(H)×αf
−1(X) =
α(H)×α S.)
The horizontal map is injective: ([1, s], f(s)) = ([1, s′], f(s′)) implies
[1, s] = [1, s′] and f(s) = f(s′). This implies s′ = hs with h ∈ ker(α),
so f(s) = hf(s). But ker(α) operates freely on X, so h = 1, thus s′ = s.
It is surjective: If (w, x) ∈ W˜ , then w = [1, s] ∈ W , and for f(s) ∈ X we
have [1, f(s)] = [1, x] ∈ G ×α X. This means there is an h ∈ ker(α) such
that hf(s) = x, or equivalently f(hs) = x. We see that hs is mapped to
(w, x): hs 7→ ([1, hs], f(hs)) = ([α(h), s], x) = ([1, s], x) = (w, x).
It is H-equivariant: For h˜ ∈ H we obtain the map h˜s 7→ ([1, h˜s], f(h˜s)) =
([α(h˜), s], h˜f(s)) = h˜.([1, s], f(s)). The horizontal map S → W˜ is open:
The projection W˜ → W is a local homeomorphism, so S → W˜ is open if
S → W˜ → W is open. But this is the map s 7→ ([1, s], f(s)) 7→ [1, s], which
is open since W has the quotient topology. The map obviously respects the
stratifold structure, so it is an isomorphism of G-stratifolds. The diagram
clearly commutes: f˜([1, s], f(s)) = f(s).
Step 2: The map indα satisfies properties a), b) and c):
a) We check the compatibility with the boundary operator in the Mayer-
Vietoris-sequence. Let X = X1 ∪ X2 be an H-space, with X1 and X2 H-
invariant. Note that indα(X1 ∪X2) = indα(X1) ∪ indα(X2) and indα(X1 ∩
X2) = indα(X1) ∩ indα(X2) because X1 and X2 are H-invariant. The dia-
gram
HHn (X1 ∪X2)
indα
//
dH

HGn (indα(X1) ∪ indα(X2))
dG

HHn−1(X1 ∩X2)
indα
// HGn−1(indα(X1) ∩ indα(X2))
commutes since we can choose the G-invariant map ρG on the right (used
for the definition of dG) to be indα(ρH), with ρH the H-invariant map on
the left side. (The construction is independent of the choice of ρ.)
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b) The diagram
HHn (X)
indα
//
GF ED
indβα
//
HGn (G×α X)
indβ
// HKn (K ×β G×α X)
HKn (f1)
// HKn (K ×βα X),
where f1 = idK · β ×α idX : K ×β G ×α X → K ×βα X is the natural
K-homeomorphism, commutes if [K ×β G ×α S, f1(idK ×β idG ×α f)] =
[K ×βα S, idK ×βα f ]. This is true since the following diagram
K ×β G×α S
f1(idK×β idG×αf) ''O
OO
OO
OO
OO
OO
O
≃
idK ·β×αidS
// K ×βα S
idK×βαfxxqq
qq
qq
qq
qq
K ×βα X
commutes, all appearing maps are K-equivariant, and the horizontal map is
an isomorphism ofK-stratifolds. TheK-equivariance of the maps is immedi-
ate. The horizontal map is the natural K-homeomorphism indβindα(S)
∼
−→
indβα(S), (k, g, s) 7→ (kβ(g), s). It obviously respects the stratifold struc-
ture. The commutativity of the diagram is clear: We calculate (idK ×βα
f)(idK · β ×α idS)(k, g, s) = (kβ(g), f(s)) = f1(idK ×β idG ×α f)(k, g, s).
c) The diagram
HGn (X)
Hn(f2)

indc(g)



HGn (G×c(g) X),
where f2 : X → G×c(g)X,x 7→ (1, g
−1x) is a G-homeomorphism, commutes
since the following diagram commutes, all appearing maps areG-equivariant,
and the horizontal map is an isomorphism of G-stratifolds:
S
f2f ##H
HH
HH
HH
HH
H
≃
s 7→[1,g−1s]
// G×c(g) S
idG×c(g)fxxqq
qq
qq
qq
qq
G×c(g) X
The horizontal map is the G-homeomorphism S → G ×c(g) S, s 7→ [1, g
−1s]
which obviously respects the stratifolds structure. The maps areG-equivariant
since f2 is G-equivariant. The commutativity of the diagram is clear: We
calculate (idG ×c(g) f)(1, g
−1s) = [1, f(g−1s)] = [1, g−1f(s)] = f2f(s). 
We have shown that our construction yields G-homology theories with
an induction structure, thus equivariant homology theories. In the next
sections we study some of the homology theories thus obtained in detail.
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4. Homology theories defined by stratifolds with arbitrary
proper G-Operations
We use the G-comparison theorem and the cone construction, refining the
procedure employed in the analysis of usual stratifold homology theories. In
order to use the G-comparison theorem, we need to compute the coefficients
for all homogeneous G-spaces, thus for all G/H with H ≤ G. The induction
map applied to the inclusion α : H →֒ G gives an isomorphism
indα : H
H
C,n(∗)→H
G
C,n(indα∗︸ ︷︷ ︸
G/H
).
This allows us to reduce our analysis of HGC,n to the inspection of H
H
C,n(∗)
for all H ≤ G.
The cone construction only works for actions of finite groups H, since
otherwise the trivial action on the cone point is not proper any more. So
we only obtain complete answers in the case of finite groups G or proper
G-CW-complexes X.
Let H be a finite group. By forgetting the H-action, we get a map
HHC,n(∗) → HC,n(∗). This is well-defined since the finiteness of H implies
that an H-cocompact stratifold is compact. The map is split surjective since
we can endow each stratifold S with the trivial H-action (which is proper
since H is finite). Thus we get a refinement of usual homology theories
defined via stratifolds.
Let us now look in detail at the equivariant homology theories defined by
different bordism classes C.
4.1. C = All, “all stratifolds”.
Proposition 4.1. Let H be a finite group. We obtain HHAll,n(∗) = 0 for all
n ≥ 0.
Proof. Let [S] ∈ HHAll,n(∗). We can “cone off” S and extend the given H-
action to the cone by setting CS = S × [0, 1]/S × {1}, h(x, t) := (hx, t).
Then [S] = [∂CS] = 0. 
Corollary 4.2. Let G be a finite group. Then HGAll,n(G/H) = 0 for all
H ≤ G and for all n, thus HGAll,∗ = 0 on all G-CW-complexes X.
Proof. The induction structure gives us HGAll,n(G/H) = H
H
All,n(∗) = 0, thus
the coefficients are all trivial. Since there is a map to the zero homology
theory, we can use the comparison theorem to obtain the fact that the
homology theory we have constructed is in fact the zero homology theory.

Corollary 4.3. Let G be a discrete group, and let H be a finite subgroup of
G. Then HGAll,n(G/H) = 0 for all n ≥ 0.
Proof. HGAll,n(G/H) = H
H
All,n(∗) = 0. 
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Corollary 4.4. Let G be a discrete group, and let X be a proper G-CW-
complex. Then HGAll,∗(X) = 0.
Proof. A proper G-CW-complex X is built up of cells of the form G/H ×
Di with H a finite subgroup of G, i ≥ 0. So one can use the Mayer-
Vietoris-sequence to reduce the calculation of HGAll,∗(X) to the calculation
of HGAll,n(G/H) for all finite subgroups H of G, for n ≥ 0. But these
homology groups are all zero by Corollary 4.3. 
4.2. C = “Euler stratifolds”. Recall the following definition:
Definition 4.5. An n-dimensional stratifold S is called regular if for all
0 ≤ i ≤ n and for all x ∈ fi(˚Si) there is an open neighborhood Ux of x in
fi(˚Si) diffeomorphic to the open i-ball B
i such that there is a diffeomorphism
of stratifolds ψ : r−1i (Ux)
∼
−→ Bi×F , with F a stratifold whose 0-stratum F0
is a single point. Here ri is the retract given by the collars.
A regular stratifold S is called an Euler stratifold if for all x ∈ S these
F have the property that the complement of the 0-stratum has even Euler
characteristic: χ(F \ F0) ≡ 0 mod 2.
An n-dimensional stratifold T with boundary is called regular if its interior
S is regular, and Euler if its interior S is Euler.
We denote the homology theory defined by the class of Euler stratifolds
by Eh. We obtain:
Proposition 4.6. Let H be a finite group. Then
EhHn (∗)
∼= Z/2
for all n ≥ 0.
Proof. Let [S] ∈ EhHn (∗). If χ(S) ≡ 0 mod 2, we can cone off S as above,
obtaining [S] = [∂CS] = 0 [Web01, Lemma 7]. If χ(S) ≡ 1 mod 2 we
endow the one-point space pt with the trivial H-operation, making it a 0-
dimensional H-stratifold, and then we cone off S ∪ pt, which is possible
since χ(S ∪ pt) ≡ 0 mod 2. We obtain [S ∪ pt] = [∂(C(S ∪ pt))] = 0, and
so [S] = [pt]. Since χ(∂S) = 0 for all Euler stratifolds S, we know that pt
cannot be zero bordant [Web01, Satz 2]. Thus EhHn (∗) = {0, [pt]}
∼= Z/2.
(Equivalently, we know that we have a surjection onto Ehn(∗) ∼= Z/2.) 
Corollary 4.7. Let G be a discrete group, and let H be a finite subgroup of
G. Then
EhGn (G/H)
∼= Z/2
for all n ≥ 0.
Proof. EhGn (G/H)
∼= EhHn (∗)
∼= Z/2. 
Note that with this information, one can calculate EhG∗ (X) for all proper
G-CW-complexes X since these are built up of cells of the form G/H ×Di
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with H a finite subgroup of G, i ≥ 0. We can use the Mayer-Vietoris-
sequence to compute EhG∗ (X) since we know Eh
G
n (G/H) for all finite sub-
groups H of G, for all n ≥ 0. In particular, if G is finite one knows EhG∗ (X)
for all G-CW-complexes X.
4.3. C = “oriented singular homology stratifolds”. An n-dimensional
stratifold S belongs to C if and only if its top-stratum Sn is oriented, G
operates orientation preserving, and its “codimension-1”-stratum Sn−1 is
empty. The homology theory without G-action defined by these stratifolds
is singular homology with Z-coefficients, H∗(−;Z) [Kre02]. In the case of a
G-action on the stratifolds, we obtain the following result:
Proposition 4.8. Let C be the class of “oriented singular homology strati-
folds” and let H be a finite group. Then
HHC,n(∗)
∼=
{
A(H) if n = 0
0 else.
Here A(H) denotes the Burnside ring of H.
Proof. Let n > 0. For [S] ∈ HHC,n(∗), the cone CS over S again has an
orientation on the top-stratum Sn × I and the codimension-1-stratum is
Sn−1×I = ∅×I = ∅. We can define the action ofH on CS = S×[0, 1]/S×{1}
as above by h(x, t) := (hx, t). The H-stratifold CS thus obtained gives a
zero bordism of S: [S] = [∂CS] = 0. Thus for n > 0 we have HHC,n(∗) = 0.
Now let n = 0 and let [S] ∈ HHC,0(∗). S is an oriented 0-dimensional
stratifold, thus an oriented 0-dimensional manifold, with G-action. The cone
CS cannot be used as a zero bordism, since it does not fulfill the requirement
“codimension-1-stratum empty”: its 0-stratum is the cone point S × {1}.
A bordism can only be given by an oriented 1-dimensional stratifold with
boundary whose 0-stratum is empty - and this is nothing but a 1-dimensional
oriented smooth manifold with boundary. Thus we know that HHC,0(∗) =
ΩH0 (∗;Z), and this is known to be A(H) [Sto70]. 
Corollary 4.9. Let G be a discrete group, and let H be a finite subgroup of
G. Then
HGC,n(G/H)
∼=
{
A(H) if n = 0
0 else.
Here A(H) denotes the Burnside ring of H.
Proof.
HGC,n(G/H)
∼= HHC,n(∗)
∼=
{
A(H) if n = 0
0 else.

Note that with this information, one can calculate HGC,∗(X) for all proper
G-CW-complexes X since these are built up of cells of the form G/H ×Di
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with H a finite subgroup of G, i ≥ 0. We can use the Mayer-Vietoris-
sequence to compute HGC,∗(X) since we know H
G
C,n(G/H) for all finite sub-
groups H of G, for all n ≥ 0. In particular, if G is finite one knows HGC,∗(X)
for all G-CW-complexes X.
4.4. C = “non-oriented singular homology stratifolds”. Now an n-
dimensional stratifold S belongs to C if and only if its “codimension-1”-
stratum Sn−1 is empty. There are no orientation requirements. Without G-
action the homology theory defined by these stratifolds is singular homology
with Z/2-coefficients, H∗(−;Z/2) [Kre02]. In the case of a G-action on the
stratifolds, we obtain:
Proposition 4.10. Let C be the class of “non-oriented singular homology
stratifolds” and let H be a finite group. Then
HHC,n(∗)
∼=
{
V if n = 0
0 else,
where V is a Z/2-vector space with base {H/K}, where K belongs to a
complete set of conjugacy class representatives of the collection of subgroups
of H having odd index in their normalizer.
Proof. Let n > 0. As above, any stratifold [S] ∈ HHC,n(∗) can be coned off,
since CSn = Sn−1 × I = ∅, and we can extend the G-operation to CS. So
HHC,n(∗) = 0.
Let n = 0 and let [S] ∈ HHC,0(∗). Again a bordism cannot be given by
the cone, only by a 1-dimensional smooth manifold with boundary. Thus
HHC,0(∗) = N
H
0 (∗), and this is calculated in [Sto70, Prop. 13.1] to be the
Z/2-vector space V described above. 
Remark: In [Sto70] it is noted that there is a one to one correspon-
dence between the collection of conjugacy classes of subgroups K ≤ H
with [NH(K) : K] odd and the collection of conjugacy classes of subgroups
L ≤ H admitting no nontrivial homomorphism to Z/2.
Corollary 4.11. Let G be a discrete group, and let H be a finite subgroup
of G. Then
HGC,n(G/H)
∼=
{
V if n = 0
0 else,
where V is a Z/2-vector space with base {H/K}, where K belongs to a
complete set of conjugacy class representatives of the collection of subgroups
of H having odd index in their normalizer.
Proof.
HGC,n(G/H)
∼= HHC,n(∗)
∼=
{
V if n = 0
0 else.

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Note that with this information, one can calculate HGC,∗(X) for all proper
G-CW-complexes X since these are built up of cells of the form G/H ×Di
with H a finite subgroup of G, i ≥ 0. We can use the Mayer-Vietoris-
sequence to compute HGC,∗(X) since we know H
G
C,n(G/H) for all finite sub-
groups H of G, for all n ≥ 0. In particular, if G is finite one knows HGC,∗(X)
for all G-CW-complexes X.
5. Possible further developments
One could continue this analysis for any other bordism class of stratifolds
one is interested in. (The standard procedure would be to have ideas of how
to calculate the bordism groups in the non-equivariant case, and to then
generalize these to the equivariant setting.)
It would be more satisfying to solve the above problem completely also
for discrete G and non-proper G-CW-complexes X, but at the moment I do
not see a promising approach. One might try to do something for actions
of groups G which are direct products of a finite group F and an infinite
group Z without any nontrivial finite subgroups. Maybe one could apply
the methods of Section 2 to the action of Z (which is free since it is proper
and Z has no finite subgroups which could serve as isotropy groups other
than the trivial group) and the methods of Section 4 to F and then combine
the results. All finitely generated abelian groups are of the type described
above for which this method might work.
As already mentioned, it would also be interesting to consider restrictions
on the G-operations on the stratifolds other than “free and proper” and
“proper”. (One has to be very careful in adapting the induction structure
to these more general cases and probably needs additional requirements,
somenthing like α(FH) ⊆ FG if one has the condition “with isotropy in F”,
maybe more.)
It would also be interesting to extend the analysis to actions of higher
dimensional Lie groups G. I think that the material in Sections 1 and 2 can
be extended to this more general case, but this has to be carefully checked.
One could define
HGC,n(X) = {[S, f ] | S (n+ dimG)-dim. cocomp. G-stratifold in C
with free proper G-action, f : S → X G-equiv.}
and see if all arguments used in the proofs are still valid.
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